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Comparison of Eight Variations of a Higher-Order Theory for
Cylindrical Shells

R. A. Smith* and A. N. Palazottot
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433

Eight variations of a geometrically nonlinear higher-order transverse shear deformation (HTSD) theory were
developed for composite shells. Three attributes were varied to produce the eight variations. These attributes
included: 1) the order of the thickness expansions used to approximate the shell shape factors, 2) the order of the
assumed linear displacement field, and 3) the nonlinearity of transverse shear strain. Several cylindrical shell
problems were investigated using a finite element code with a 36-degree-of-freedom cylindrical shell element.
MACSYMA, a symbolic manipulation code, was used to formulate the element independent stiffness arrays for
each variation of the theory. When all nonlinear strain displacement terms for transverse shear were included for
thin shallow isotropic cylindrical shells, the theory predicted a more flexible response during collapse. Higher-
order thickness expansions had negligible effect on results. For deep shells nonlinearity was limited to in-plane
strain-displacement relations. This quasinonlinear HTSD theory produced a more flexible response during col-
lapse when the order of approximation of shell shape factor terms was increased.

Introduction

THE goal of this research was to develop a nonlinear higher-
order transverse shear deformation (HTSD) theory with more

exact higher-order thickness expansions than used by previous
researchers. In this case, the term nonlinear refers to using the full
nonlinear Green-Lagrange strain tensor representation for the
transverse shear strain components and for the in-plane strain com-
ponents. Transverse shear deformation theories that use nonlinear
terms for in-plane strains, but only linear terms for transverse shear
strains, are referred to, in this research, as quasinonlinear HTSD
theories. Nonlinear transverse shear deformation theories have
been published in Refs. 1 and 2, but for the most part have been
limited to kinematic assumptions based on first-order polynomials
in terms of the thickness coordinate.3"5 These theories are gener-
ally called first-order transverse shear deformation (FTSD) theo-
ries. Similarly, most researchers have truncated geometric shell
shape factor approximations at the first-order terms of the corre-
sponding thickness expansions.3"13

Review of Related Literature
For many years, the well-known Kirchhoff-Love assumptions

were used as a starting point for shell theory derivations. These
assumptions included a state of plane stress and inextensible nor-
mals that remained straight and normal during deformation. Den-
nis developed a large displacement, moderately large rotation,
finite element formulation for laminated composite shells with a
quasinonlinear HTSD theory.7 Extensive studies by Dennis and
Palazotto8~10 and others11"14 have used this quasinonlinear HTSD
shell theory. Singh et al.3 used a FTSD theory with selected nonlin-
ear terms included in the transverse strain components.3 They
found transverse shear to be a significant factor in determining
buckling load. Although this FTSD formulation included nonlinear
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transverse shear strains, the authors did not specifically evaluate
the effects of the nonlinear terms. Palmerio et al.4'5 published two
papers on a moderate rotation nonlinear FTSD theory for lami-
nated anisotropic shells. They indicated that their theory had non-
linear transverse shear strain terms, due to in-plane displacements,
which were not present in a von Karman-type theory. Interestingly,
they had to eliminate nonlinear transverse shear terms to reduce an
overstiff behavior of the theory for a laminated composite cylindri-
cal shell with transverse load.

Theory
The basic assumptions of a two-dimensional shell theory tied to

the concepts of a reference surface (the midsurface of the shell)
and a local curvilinear coordinate system associated with this sur-
face. If one uses a Lagrangian description of deformation, all vari-
ables are expressed in terms of conditions prior to deformation. In
this system, the displacement vector can be written in terms of
orthonormal base vectors e{ (i = 1, 2, 3). For the shell, the Lame
parameters Aa (a = 1, 2) describe the two-dimensional relationship
between the orthogonal surface base vectors aa and their orthonor-
mal counterparts ea. The shell shape factors ht (i = 1,2,3) describe
the three-dimensional relationship between the orthogonal base
vectors gt of the three-dimensional orthogonal curvilinear coordi-
nate system yi and their orthonormal counterparts et. For an
orthogonal curvilinear coordinate system based on the lines of
principal curvature of a shell, the shape factors are

h, = Al(l-y3/Rl)

h2 = A2(l-y3/R2)

where

ae1

= i

A, =
,1/2

(i)

(2)

Thus, for the convenient case of a cylindrical shell, shown in
Fig. 1, with radius R2 = R and local coordinates 0j = jc, 62 = s, and z,
described in an orthogonal space with global coordinates Vj = jc, y2
= s and y3 = z, the position vector r (y^ v2, y3) is given by

I* — YP -4- VP -\- 7P C\\r — Jiel~r ze2T z&3 jpj

and the Lame parameters reduce to A! = A2 = 1. Figure 1 also
shows the 36-degree-of-freedom shell element used throughout
this work.
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Fig. 1 Cylindrical shell domain for derivation of HTSD theory.

For this research, the macromechanical behavior of a composite
lamina was assumed sufficient provided stresses were small
enough to assure no material failure occurs. Thus, the material of
each lamina was treated as a homogeneous anisotropic material.
More specifically, the material was assumed to be transversely iso-
tropic. This means the material has properties which are symmetric
about two material axes. For a thin flat structural member, such as
a plate, a state of plane stress is often assumed where o13, o23, and
a33 are all assumed to be equal to zero. In this research, however,
the effects of transverse shear deformation were considered. Thus,
o13 and G23

 were not assumed to be zero. The direct normal stress
a33, however, was still assumed to be zero. This assumption was
necessary to reduce the three-dimensional problem to a two-
dimensional problem. The direct transverse normal strain was
assumed to be given by

These differences, due to curvature, were a primary concern of this
research.

For a shell, the FTSD theory is given by the following displace-
ment field:

(5)u2 = v(l-y3/R2) + \|/2v3

where the five degrees of freedom M, v, TV, yl9 and \j/2 are functions
of the inplane curvilinear coordinates (yl9 v2). The displacement
field of a third-order linear transverse shear deformation theory is
given by the following equations:

4 (dw
2\3h

(6)

U3 = W

This third-order displacement field has two additional degrees of
freedom not present in the first-order theory. These two degrees of
freedom are the derivatives of transverse displacement w. These
derivatives are, in the context of finite elements, independent
degrees of freedom that represent the slope of the elastic curve.
Thus, the third-order theory allows the slope of the elastic curve to
deviate from the bending angles. This deviation is directly related
to the transverse shear strains of the structure.

The third-order linear transverse shear deformation theory for a
shell is suitable for many problems of practical interest. However,
two approximations of this theory required further examination to
assess their effects on the accuracy of this theory. Specific prob-
lems of interest were ones in which rotations and curvature within
the element become very large. The first approximation in question
was the neglect of some higher order terms in the thickness expan-
sions of displacement field and the shell shape factor functions.
For a shell, the third-order kinematics of the linear HTSD theory
do not give zero linear transverse shear strains at the upper and
lower surface unless the shell is flat or some small terms of the
transverse shear strains are ignored. The curvature of the shell is
important, because the shell shape factors distort the distribution of
strain through the thickness of the shell, causing the distribution to
be cubic rather than parabolic, as shown in Fig. 2. Thus, the order
of approximation of the shell shape factors affects the accuracy of
the strain distributions. The second approximation in question was
the neglect of nonlinear transverse shear strain terms. The quasi-
nonlinear HTSD theory ignores all nonlinear terms of both e23 and
813. This linear restriction on e23 and e13 is not necessary physically,
but satisfying the zero strain boundary conditions of the full non-
linear expressions is not a trivial problem.

C22 (4)

where the C/7 are functions of material properties and ply layup.
There are several ways to include transverse shear deformation.

Transverse shear effects can be included using an FTSD theory. In
this case, material lines originally normal to the midsurface are
allowed to deviate from the normal to the shell midsurface. These
lines remain straight and inextensible. Since the angle of deviation
is constant, the displacement field varies linearly through the thick-
ness of the shell. The constant angle also implies transverse shear
strain is constant and, thus, is not zero at the upper and lower sur-
face of the shell. This inconsistent distribution results in a stiff
model of the structure. This stiffening effect, called shear locking,
becomes more pronounced as the shell thickness approaches zero.
The HTSD theory allows the normal to rotate and warp. The
HTSD theory for a flat plate produced a parabolic distribution of
shear strain. This distribution matched the exact distribution of
shear strain for the linear infinitesimal case. The results for curved
shells, however, are different because of the curvature of the shell.

Parabolic
Transverse Shear
Cubic
Transverse Shear

Bottom Surface

Fig. 2 Parabolic and cubic transverse shear strain distributions for a
curved shell.
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Table 1 Definition of elemental codes for variations of theory

Displacement
assumption

Code name order
COOO
€003
C020
C023
C100
C103
C120
G123

Cubic
Cubic
Cubic
Cubic
Quartic
Quartic
Quartic
Quartic

Shape factor
approximation

order
Linear
Linear
Quadratic
Quadratic
Linear
Linear
Quadratic
Quadratic

Transverse
shear strains
Linear
Nonlinear
Linear
Nonlinear
Linear
Nonlinear
Linear
Nonlinear

Code length,3
lines

13,866
23,176
24,254
39,322
29,626
51,637
30,777
67,618

aCode length is equal to the number of lines required to evaluate the K, Nl and N2
stiffness matrices using MACSYMA.

The nonlinear transverse shear boundary conditions are not as
easily solved as the linear version of these conditions. The general
fourth order kinematic assumptions, when substituted into the full
nonlinear Green-Lagrange strain-displacement relations for e13 and
e23, gave two coupled nonlinear partial differential equations that
were seventh-order in the thickness coordinate. This equation for
£13 is shown next.

= Vi + Wn - cvv» i + u> i
2<|>2IIM + C2UU, ! + ¥i, i

(3 Y!

- CU,

Table 2 Comparison of flat plate3 displacement results for variations
of geometrically nonlinear HTSD theory with linear and nonlinear

transverse shear strain displacement
Total load,

psi
COOO
C020
C100
C120
C003
C023
C103
C123

7500
0.4454
0.4454
0.4454
0.4454
0.4457
0.4457
0.4457
0.4457

15,000
0.7982
0.7982
0.7982
0.7982
0.8001
0.8001
0.8001
0.8001

22,500
1.076
1.076
1.076
1.076
1.081
1.081
1.081
1.081

30,000 37,500
1.308 1.513
1.308
1.308
1.308
1.317
1.317
1.317
1.317

.513

.513

.513

.527

.527

.527

.527
aAnalyzed by discretizing one quadrant into a 4 X 4 mesh of uniform elements.
Boundary conditions are: x = 0: v = w,2 = \|/2 = 0 (symmetry); s = 0: u = w,i = \^i = 0
(symmetry); x = ± a/2: v = w = \|/2 = 0 (simple); s = b/2: u = w = \^l = 0 (simple); a =
b = 8 in.; h = 1.6 in.; El = 60 X 106 psi; E2 =1.5 X 106; G23 = 0.75 X 106 psi; G12 = G13
= 0.9 X 106 psi; v12 = 0.25

The kinematics of Eq. (6) were modified to yield exactly zero at
the top and bottom surface of a curved shell by adding two correc-
tion factors to the last term as follows:

= u -

X -

-£) T~dy2

R,
(7)

where k = -4/(3/z2) and the underlined terms were the new terms
added to Eqs. (6). These kinematics gave zero linear transverse
shear strains at the upper and lower surfaces of a curved shell. The
additional terms of Eqs. (7) also vanished for a flat plate, since
each term was divided by radius of curvature. Likewise, for a right
circular cylinder, with radius R2 = R and RA = °°, the first equation
of Eq. (7) reduced to the corresponding flat plate expression, since
Rl was infinite. The comparison of results from the incomplete
cubic kinematics of Eqs. (6) and results from the complete quartic
kinematics of Eqs. (7) was a major aspect of this research. As
stated earlier, the cubic displacement field of Eqs. (6) was the same
as used by other authors. The complete quartic, however, was a
unique displacement field not derivable from those of other
authors. Thus, this quartic displacement field was an exact solution
for the linear traction free boundary conditions of a quasinonlinear
HTSD theory for shells. This research compared the effects of
cubic and quartic assumptions for the displacement field.

+ Y2, i V2 ) ̂ 3 - (402

+ 3Y2(|>2> j + 461\|/1> j

vlf l + Ylf

+ 2(|)2Y2> !

2 l

l + 492Y2> l

(8)

w
(in)

0 5000 10000 15000 20000 25000 30000 35000 40000
Total Uniform Load P (Ibs)

Fig. 3 Comparison of flat plate displacement results for variations of
geometrically nonlinear HTSD theory with linear and nonlinear trans-
verse shear strain displacement.

Boundary Conditions:
x = 0 : u. w, J.
s = 0 : v, w, 2,
s = ±10: u= v
x=±10: (free)

= 0 (symmetry)
=0 (symmetry)
*=Vi = Q (hinged)

Other Data:
E=4.5x105psi
6 = 0.1 radians
h= 0.25 in.
R=100in.
L=20in.

hinged

Fig. 4 Hinged-free point loaded isotropic cylindrical shell.
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Table 3 Predicted transverse point load (Ib) for center transverse displacement of a l/4-in.-thick
hinged-free isotropic shell

Disp., in.a

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

CDON
50.6
84.2

107.7
125.0
133.0
111.2

-86.6
-72.0
-40.3

13.9

COOO
50.6
84.2

107.7
124.6
132.4
109.6

-86.6
-71.5
-39.6

14.7

C020
50.6
84.2

107.7
124.6
132 .4
109.6

-86.6
-71.5
-39.6

14.7

C100
50.6
84.2

107.7
124.6
132.4
109.6

-86.6
-71.5
-39.6

14.7

C120
50.6
84.2

107.7
124.6
132.4
109.6

-86.6
-71.5
-39.6

14.7

C003
50.6
84.2

107.7
124.9
133.0
111.1

-79.5
-66.3
-33.9

22.2

C023
50.6
84.2

107.7
124.9
133.0
111.1

-79.5
-66.3
-33.9

50.6

C103
50.6
84.2

107.7
124.9
133.0
111.1

-79.5
-66.3
-33.9

22.2

C123
50.6
84.2

107.7
124.9
133.0
111.1

-79.5
-66.3
-33.9

22.2

Displacement.

p
(Ibs)

iOU

100

50

0*

-50

-inn

* *

* *

4>

<

*

CDON +

0.2 0.4 0.6 0.8
Transverse Displacement W (inches)

Fig. 5 Predicted transverse point load vs center transverse displace-
ment for transversely loaded l/4-in.-thick shell; CDON and C120 theo-
ries.

P
(Ibs)

150

100

50

-100

CDON +

0.2 0.4 0.6 0.8
Transverse Displacement W (inches)

Fig. 6 Predicted transverse point load vs center transverse displace-
ment for transversely loaded l/4-in.-thick shell; CDON and C123.

where fy, y/, and 0, were undetermined functions of the in-plane
coordinates defined only on the midsurface of the shell. To solve
the two equations for all of the unknown functions (there are six
unknowns), one must evaluate the two equations at v3 = ±h/2 and
set each resulting equation equal to zero. This is required to satisfy
the zero traction boundary condition on the surfaces of the shell.
Solving four tbupled nonlinear partial differential with six
unknowns was beyond the scope of this research project. Although
other authors have proposed the use of nonlinear transverse shear
strain-displacement relations with linear kinematics, none have
done so within the context of a HTSD theory. /{..

The authors' approach to including nonlinear transverse shear
terms in the theory included several assumptions beyond those of
the quasinonlinear HTSD theory. First, the authors were primarily
interested in problems involving large rotations and curvature
changes for laminated shells. Thus, the displacement field of the
new theory should reduce to the displacement field of the linear
HTSD theory for problems with smaller rotations or smaller curva-
tures. The kinematic assumptions of Eqs. (7) reduce to the kine-
matics of the linear HTSD theories for small curvature problems.

Second, nonlinear kinematic assumptions were not used to satisfy
the nonlinear boundary conditions for e13 and £23- The incorpora-
tion of nonlinear kinematic terms and the corrective terms of Eqs.
(7) was prohibitive. Thus, the authors chose to use the linear kine-
matics of Eqs. (7) with the full nonlinear transverse shear relations
and an approximate approach to the nonlinear boundary condi-
tions. This approximate approach assumed the nonlinear trans-
verse shear strain should be zero at the upper and lower surfaces
and that the strain energy of the nonlinear transverse shear strain
terms was excessive. The authors achieved a slight reduction in
transverse shear strain energy and forced the satisfaction of zero
traction, at the shell's surfaces, by multiplying the nonlinear trans-
verse strain terms by a parabolic function of the thickness coordi-
nate. Other researchers have used similar functions to provide the
parabolic transverse shear distribution of linear HTSD theory.3'5
This research compared the effects of linear and nonlinear strain-
displacement relations for the transverse shear strain components.

A third "attribute" was also considered in this research, and that
was the order of the approximation of functions of the shell shape
factors. These functions appear in one strain displacement relation
as functions of the shape factors and their derivatives. For a cylin-
drical shell, these geometric functions depend only on the thick-
ness coordinate. For a FTSD or HTSD theory, where displace-
ments are expanded in terms of the thickness coordinate, these
geometric functions are often expanded in terms of the thickness
coordinate and arbitrarily truncated at a specific power of the
thickness coordinate. This research compared the effects of linear
and quadratic approximations for the shell shape factor functions
appearing in the equations for strains.

The preceding discussion of theory dealt with the development
of the displacement field assumptions, the strain-displacement
relations, and the constitutive relations for laminated composite
shells. The next phase in the research was the development and
solution of the governing differential equations for shell problems.
Since the authors were specifically interested in the nonlinear phe-
nomena of large displacements and rotations, no analytical or lin-
ear solutions were desired. The finite element technique was used
to obtain numerical solutions for cylindrical shells. The finite ele-
ment equations were based on the total potential energy of the
elastic body. Specifically, the principle of stationary potential
energy was used where the first variation of potential energy of the
system is set equal to zero. The potential energy expression was
found by first examining the equilibrium state of the body. For a
body with prescribed force on part of its surface and prescribed
boundary conditions on the remaining part of the surface, the equa-
tions of equilibrium for an infinitesimal virtual displacement were
developed in terms of the second Piola Kirchhoff stress tensor and
the Green strain components expressed in the body's coordinate
system. Assuming strains were small, then the stresses could be
written in terms of the strains. For a laminated orthotropic mate-
rial, the stress components could be written in terms of the reduced
structural stiffness of the lamina. These quantities depended only
on the thickness coordinate. Thus, they could be written in terms
of an integral over the midsurface of the shell, with the integration
in the thickness direction performed analytically.
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The variation of total potential energy gave five coupled nonlin-
ear partial differential equations that governed the equilibrium of
the system. These expressions contained 18 displacement parame-
ters: U, Il,i, M,2, V,V,!,V,2 , W, W f l , W,2, W,n W,22, W,12, Vi, Vi,l, Vl,2, ¥2*
\l/2>1, and \|/2>2. The parameters included the seven displacement
parameters of Eqs. (7) and their derivatives. Since the equilibrium
equations were nonlinear in terms of the displacement parameters,
an incremental-iterative approach was used to solve a system of
linearized equations which yields an equivalent solution. For sim-
ple theories, such as DonnelTs theory or a linear FTSD theory
where relatively few terms are included, the first variation of
potential energy and its linearization can be explicitly developed,
term by term. For more complete theories, such as a linear HTSD
theory or the fully nonlinear theory, the potential energy expres-
sion has several hundred terms. Its first variation would include,
perhaps, thousands of terms, and the subsequent linear equilibrium
equations would be quite lengthy. Rajasekaran and Murray15

developed a formal procedure for finite elements that defined the
total potential energy, its first variation, and the linear incremental
equilibrium equations in terms of three stiffness matrices. Specifi-
cally, the total potential energy was given by

[K] + -^ [AT,] + 1 }- {qf{R} (9)

where
{q} = a column array of nodal displacement parameters
[R] = a column array of nodal loads
[K\ = an array of constant stiffness coefficients
[7VJ = an array of nonlinear coefficients with each term depen-

dent on one of the displacement parameters ([AfJ is linear in terms
of displacement)

[N2] = an array of nonlinear coefficients with each term depen-
dent on the product of two displacement pajaitieters ([N2] is qua-
dratic in terms of displacement)

The first variation of potential energy then was given by

- {R} = {0} (10)
and the linear incremental equilibrium equation was given by

[ [K] + [Ag + [N2]] {A?} - {AR} = {0} (11)

0.002

0.0015

0.001

0.0005

•ort
Ctf

-0.0005

-0.001

-0.0015
2 4 6 8

Circumferential Coordinate S (inches)
10

0.002

0.0015

0.001

0.0005

-0.0005

-0.001

-0.0015
2 4 6 8

Circumferential Coordinate S (inches)
10

Fig. 7 Meridian values of \j/2 + w,2 for 10 increments (0.1 in. each of
transverse displacement); CDON theory.

Fig. 8 Meridian values of \|/2 + w,2 for 10 increments (0.1 in. each of
transverse displacement); C123 theory.

To insure that the formalism of Eqs. (9-11) held, the stiffness
arrays [K], [AfJ, and [N2] had to be derived in a specific fashion.
This derivation is discussed in Ref. 14.

The two-dimensional integration of the finite element equations,
in the plane of the finite element, was accomplished by numerical
integration using Gaussian quadrature. Solution of the resulting
equations was accomplished by an incremental-iterative technique
commonly called the Newton-Raphson method. The parameters to
be incremented were the elements of the array {q}, containing glo-
bal degrees of freedom. A global criterion, written in terms of the
norms of all displacement parameters, was used to determine con-
vergence. The 36-degree-of-freedom element shown in Fig. 1 was
described in Refs. 7-14 and the details of the element development
will not be included herein.

Eight versions of the theory were produced for this research.
Each of the versions were written as subroutines, called elemental
codes, which were called by a main finite element program. The
elemental codes calculate the elemental stiffness matrices. The the-
oretical attributes of the elemental codes are summarized in Table
1. The codes are identified by a symbol "GXYZ," defined as fol-
lows:

G - C for cylindrical, S for spherical, or A for arbitrary shell
geometry. (Appendix A of Ref. 14 lists relations for arbitrary shells
and Appendices B-E list relations for cylindrical shells. Complete
relations for spherical shells were not generated for this research.)

X = 0 for the incomplete cubic u2 displacement of Eqs. (6), or 1
for the complete quartic u2 displacement of Eqs. (7).

7 = 0 for linear shell shape function approximations, or 2 for
quadratic approximations.

Z = 0 for linear transverse shear strain displacement relations, or
3 for nonlinear relations.

CDON = the Donnell shell equations with through-the-thickness
shear included using X = 0, Y = 0.

Results
Flat Quasi-Isotropic Panel with Uniform Transverse Pressure Load

A transversely loaded flat plate problem was used to test the
MACSYMA generated elemental codes and the modified finite
element program. The plate chosen was an 8-ply quasi-isotropic
laminated square plate with simple boundary conditions along
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each of its 16-in.-long sides. The plate was loaded with a uniform
transverse pressure load. The plate thickness was 1.6 in., which is
1/10 of the edge length and should indicate transverse shear may
be important. The four quasinonlinear HTSD codes (COOO, C020,
C100, and C120) produced identical results; see Table 2. This
close agreement shows that the authors' theories correctly degener-
ate to flat plate solutions when curvature is not a factor in the prob-
lem. Similarly, the four nonlinear HTSD codes (COOS, C023,
C103, and C123J predict identical results. The fully nonlinear
codes, however, predict a slightly greater transverse displacement
than the quasinonlinear codes (as shown in Fig. 3).

Hinged-Free Isotropic Shell Panel, 0.25 in. Thick, with Transverse
Point Load

The second problem investigated was a thin hinged-free isotro-
pic cylindrical shell with transverse point load. The 1/4-in. thick
shell is shown in Fig. 4. Geometric and material properties are also
given for this problem in the same figure. Solutions were com-
puted using a 4 x 6 mesh of elements to model one quadrant of the
shell (six elements are in the circumferential direction). Table 3
shows the results of equilibrium load predictions, for increments of
transverse displacement from 0.1 to 1.0 in., for the eight elemental
codes and the modified-Donneli theory with transverse shear
included (CDON). From this table one observes the quasinonlinear
HTSd codes (CXXO) all produce the same results, and the nonlin-
ear HTSD codes (CXX3) all produce the same results. The results
of the CDON, C120, and C123 codes were selected for more
detailed analysis because they represent the three variations with
different results.

Figure 5 shows the equilibrium paths of transverse load vs cen-
ter-point displacement for the 1/4-in. thick shell predicted by the
CDON and C120 codes whereas Fig. 6 replaces C120 with C123.
As in the flat plate case, the results for the quasinonlinear HTSD
codes are all the same. In contrast, the nonlinear HTSD codes all
show slightly greater flexibility (a smaller magnitude of load) dur-
ing the collapse phase (from w = 0.7-0.9) than the quasinonlinear
HTSD variants.

This result is interesting because this phase of the collapse is
characterized by the most extreme displacements and rotations
occurring in the problem. The inclusion of nonlinear transverse
shear terms for this problem had a noticeable effect on load-dis-
placement results. Figures 7 and 8 show values of the linear %$
transverse shear term \|/2 + vt>,2 for 10 increments for transverse dis-
placement w for the CDON and C123 theories, respectively. Val-
ues plotted are the values of \|/2 + w,2, at nodes along the x = 0 line
from the center of the panel (s = 0) out to the hinge line (s = 10).
The labels 1,...,10 indicate the first through tenth increments of
transverse displacement w. These results are virtually identical for
increments 1-6, before the shell snaps through. After the shell
snaps, however, the values of y2 + w,2 are about 20-25% less in
magnitude over the majority of the panel, where 1 < s < 8, for the
C123 theory as compared to the CDON quasinonlinear theory. In
Fig. 8, the value of \j/2 •+ w,2 is dramatically more positive at the
hinge line (s = 10) during increments 7-10 for the C123 theory
than for the CDON theory.

These figures show the values of only the linear term of the xJ
term of the e23 strain at the midsurface of the shell. For the nonlin-
ear HTSD theory, the £23 and e13 strain components include many

Table 4 Comparison of maximum values of linear and nonlinear terms of %f for the l/4-in.-thick cylindrical shell (radius)

Increment
Code name %J term

CDON X|/2+w,2
C123 \|/2+W,2

C123 — w\j/2//?2
C 1 23 y 2 + w ,2 — wy2//?2

1
0.0006
0.0006
o.oboo
0.0006

5
0.0017
0.0017

-0.0002
0.0015

7
-0.0012
-Q.0010
-0.0004
-0.0014

8
-0.0009
-0.0007
-0.0005
-0.0012

9
-0.0004
-0.0003
-0.0006
-0.0009

10
0.0002
0.0003

-0.0008
-0.0005

-0.0001

-0.0002 -

-0.0003 -

-0.0004 -

-0.0005 -

-0.0006 -

-0.0007 -

-0.0008
2 4 6 8 1 0

Circumferential Coordinate S (inches)

0.0015

0.001 -

0.0005 •

1
-0.0005 -

-0.001 •

-0.0015
2 4 6 8

Circumferential Coordinate S (inches)

Fig. 9 Meridian values of — w\|/2/U2 f°r 1® increments (0.1 in. each of
transverse displacement); C123 theory.

Fig. 10 Meridian values of \j/2 + w>,2—H>\|/2/l?2 for 10 increments (0.1
in. each of transverse displacement); C123 theory.
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Table 5 Transverse center-point load (Ibs) predicted for
prescribed transverse displacement of a lOO-in.-radius

hinged-free deep isotropic cylindrical arch

Disp., in.
4
8
12
16
20
24
28
32

CDONa

621.24
893.66
1028.2
1088.3
1100.5
1078.4
1029.5
958.56

COOO
640.6
914.8
1018.6
929.5
898.7
775.3
548.5
52.9

C020
640.0
911.6
1010.2
914.0
872.7
728.7
471.9

-232.3

C100
640.6
914.8
1018.6
929.5
898.7
775.3
548.5
52.0

C120
640.0
911.6
1010.2
914.0
872.7
728.7
471.9

-232.1

C120t
632.5
899.1
993.9
978.7
879.3
705.2
440.3

c

aValues taken from Ref. 7, p. 259. bComputed with a 1 X 48 element mesh. cDa-
tum point not computed.

more nonlinear terms. These terms are shown for the COOS, C023,
C103, and C123 theories in Appendices B-E of Ref. 14 as %P

4NL
and x^L . The distribution of shear strain is significantly affected
by including the nonlinear transverse shear terms. Figure 9 shows
the largest nonlinear term of the %4 term of the transverse shear
strain component for the C123 theory. This term -wj/2//?2 and the
linear term \|/2 + w,2 are the predominant terms of the %4 strain
component. Table 4 shows a comparison of these terms for the
three theories. From Table 4, for increment 5 when the largest
magnitude of \|/2 + w,2 occurs, the maximum values of \j/2 + w,2 and
-wy2/R2 are 0.0017 and -0.0002, respectively. Thus, the largest
nonlinear term of C123 is less than 20% of the linear term. With
each increment from 7 to 9 (after the shell has snapped through),
the nonlinear term becomes more significant compared with the
linear terms. This nonlinear term, although it is of comparable
magnitude with the linear terms, creates a softening effect. It effec-
tively increases the magnitude of the transverse shear strain over a
large area of the shell's midsurface.

Figure 10 shows the value of \|/2 + w,2-w\|/2//?2 for the C123 the-
ory. Comparing this figure with Figs. 7 and 8 reveals the signifi-
cant difference in the transverse shear terms for the nonlinear the-
ory, as compared to the quasinonlinear HTSD theories. This
difference is large enough to affect the strain energy of the shell
and subsequently results in slightly different equilibrium values of
the nodal displacements for the C123 theory as compared to the
CDON or C120 theories. At increment 10, when the largest magni-
tude of -w|/2/#2 occurs, the magnitude of this nonlinear term
exceeds that of the linear terms by some 800%. Thus, the benefi-
cial effect of transverse shear has been totally obliterated by the
nonlinear terms of this formulation. Palmerio et al.5 reported an
overstiff response for similar shells when nonlinear transverse
shear was included in their formulation.

Deep Isotropic Cylindrical Arch with Transverse Point Load
Deep circular arches can be used to demonstrate a theory's abil-

ity to predict large displacements and rotations. Many variations of
transversely loaded deep arch problems have been reported in the
literature. The problem chosen here is a 100-in. radius arch with a
1-in. square cross section and an opening angle of 106 deg. The
arch configuration is shown in Fig. 11 along with geometric and
material data. The equilibrium solutions for this problem were
computed using all eight elemental codes with 1 x 1 6 and 1 x 48
element meshes to represent one quadrant of the arch. Data from
the quasinonlinear theories are shown in Table 5. Figure 12 shows
load vs crown displacement values predicted by the C100 and
C120 theories. Both the COOO and C100 theories predicted the
same results. The C100 theory, however, does not give any more
flexible results than the COOO theory despite the more exact u2 dis-
placement assumptions. The C020 and C120 theories both predict
a more flexible response after collapse than the COOO and C100
theories.

Discussion
This research revealed several unique findings related to the

limitations of a nonlinear HTSD shell theory employing higher-

order thickness expansions and linear kinematic assumptions. Sim-
ilar studies with first-order transverse shear deformation theories
were recently accomplished, but no studies of this nature have
been accomplished for a third- or higher-order transverse shear
deformation theory. The ratio of thickness to wave length of curva-
ture (distance between counter-flexure points of the deformed mid-
surface) and the ratio of transverse displacement to depth of the
shell were found to be important factors in predicting the applica-
bility of the nonlinear HTSD theory. If these ratios were negligi-
ble, nonlinear transverse shear strain terms had no impact on pre-
dicted response. If these ratios were small (on the order of 10~3-
10"1), the incorporation of nonlinear HTSD theory produced a
more flexible response. A shallow l/4-in.-thick hinged-free isotro-
pic shell panel exhibited this more flexible response with nonlinear
strain-displacement terms in the transverse shear strain formula-
tion.

Koiter16 showed that typical shell theory assumptions resulted in
transverse shear strains that were of the order hIL times the bend-
ing or direct strain components. For his work, strain and stress
were directly related by the constitutive relations for linear elastic
isotropic materials. Provided one assures the nonlinear transverse
shear terms of the nonlinear HTSD theory do not result in trans-
verse shear stresses exceeding hIL times the bending or direct
stresses, this theory can be used for the prediction of nonlinear
HTSD responses of curved shells.

Another objective of this research was to determine the effect of
using higher-order thickness expansions for the displacement field
assumptions and for the geometric shell shape factor approxima-
tions. Similar studies with transverse shear deformation theories
were recently accomplished, but no studies of this nature have
been accomplished for a fully nonlinear higher-order transverse
shear deformation theory. The use of the complete quartic dis-
placement assumption made no noticeable difference in static
equilibrium load displacement results, as compared to the incom-
plete third-order HTSD kinematic assumptions. The authors
believe the higher-order kinematic assumption would be important
for shells with larger ratios of thickness to radii of curvature. Prac-
tical problems of the type investigated by the authors, however,
can be accurately and efficiently solved with incomplete cubic
kinematic assumptions.

The use of quadratic approximations for the shell geometric
shape factor functions provided a more flexible response predic-
tion for the deep circular arch during the collapse phase. However,

Boundary Conditions for one Quandrant:
x = 0 : u, w, ^YJ = 0 (symmetry)
s = 0: v, w, 2. Y2 -° (symmetry)
s = ± 92.5 : u=u=iy = Y1=0 (hinged)
x = ±0.5: (free)

Other Data:
E=4.5x105psi
6 = .92 radians
width = 1 in.
R=100in.
h=1.0in.
L=160in.
5 = 0.0

0.0

Fig. 11 Hinged point loaded isotropic cylindrical arch.
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Fig. 12
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Deep arch crown displacement vs load; C100 and C120 theo-

for the deep shell problem investigated, the ratio of hIR was equal
to 1/100, thus, the effect of the higher-order shape factor approxi-
mations was not apparent until the deformation was significant.
The deep arch required displacements of at least R/4 before the
higher-order effect was recognizable. For the shallow shell panels
analyzed, the quadratic shape factor approximations gave results
identical to the linear shape factor approximations. The quadratic
shape factor approximations, like the quartic displacement, signifi-
cantly increased the number of lines of Fortran code required.
Thus, the authors believe that quasinonlinear HTSD theories based
on the assumption that h2/R2 « 1 are sufficiently accurate and eco-
nomical for practical engineering analyses.

Conclusions
In summary, including higher-order thickness expansions in a

quasinonlinear HTSD theory resulted in a more flexible response
prediction for deep shell problems during the collapse phase for
the problems considered. Similarly, the nonlinear HTSD theory
provided a more flexible response prediction for shallow shell
problems during the collapse phase. The incorporation of these
theoretical characteristics required a significant increase in the
amount of Fortran code with a proportional increase in the compu-
tational memory and time required for problem solution. The sim-
plest nonlinear HTSD theory, developed for this research, incorpo-
rated incomplete third-order kinematics and a linear approxi-
mation of the shell geometric shape factor functions. This theory
resulted in Fortran code about twice the length of the comparable
quasinonlinear HTSD variant. Further investigations could be
accomplished with this version of the theory, in lieu of the most
complete nonlinear theory used for this research.
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